We investigate the future evolution of Nariai black hole which is extremal limit of Schwarzschildde Sitter one in modified gravity. The perturbations equations around Nariai black hole are derived in static and cosmological patches for general F (R)-gravity. The analytical and numerical study of several realistic F (R)-models shows the occurence of rich variety of scenarios: instabilities, celebrated Hawking evaporation and anti-evaporation of black hole. The realization of specific scenario depends on the model under consideration. It is remarkable that the presence of such primordial black holes at current universe may indicate towards the modified gravity which supports the anti-evaporation as preferrable model. As some generalization we extend the study of Nariai black hole evolution to modified Gauss-Bonnet gravity. The corresponding perturbations equations turn out to be much more complicated than in the case of F (R) gravity. For specific example of modified Gauss-Bonnet gravity we demonstrate that Nariai solution maybe stable.
case, the gravitational correction to GR action plays the role of quantum correction. In frames of power-law F (R) theory the investigation of primordial black holes evolution has been done in ref. [8] . Using static patch description it was demonstrated the possibility of anti-evaporation of so-called Nariai black hole, which is the extremal limit of Schwarzhild-de Sitter black hole.
The present work is devoted to the study of future evolution of Nariai black holes in viable F (R) and Gauss-Bonnet modified gravities using the cosmological patch description. We demonstrate the rich variety of future evolutions: instabilities, anti-evaporation and evaporation what depends from specific model under consideration. It is interesting that the occurence of such primordial black holes in the current epoch may serve as kind of test in favour of the modified gravity model which supports anti-eporation process.
The paper is organized as the following. In Section 2 the formulation of Nariai black holes in F (R)-gravity is presented. The static patch and the cosmological patch of the metric, whose geometry is the one of S 1 xS 2 are given. The comoving coordinate associated to S 1 -sphere is denoted with x. In Section 3 the perturbations of Nariai solution are studied in the cosmological patch of F (R)-gravity. Within this class of modified gravity theories, several models which admit the stable or unstable Schwarzschild-de Sitter solution are introduced. In the extremal limit, the perturbations on Nariai horizon depend on the cosmological time and on the comoving coordinate x and can be decomposed into Fourier modes, whose coefficients are given by the Legendre polynomials. We investigate n = 1 mode, then generic modes and finally the superposition of different modes for generic F (R)-gravities. The Nariai horizon is generally stable when the corresponding Schwarzschild-de Sitter solution is stable, but when the Schwarzschildde Sitter solution is unstable, it may be stable for some specific cases. When the solution is unstable, processes of evaporation or anti-evaporation occur. The corresponding processes are investigated numerically for number of F (R)-gravities. Explicit examples of black hole (anti)-evaporation are found analytically and numerically. In Section 4, the static patch of Nariai perturbations in F (R)-gravity is also considered. Some different interesting behaviour appears, namely even if the Schwarzschild-de Sitter solution is stable, it becomes unstable in the extremal limit of the metric. The examples of (anti)-evaporation are again discovered. Section 5 is devoted to Nariai black holes in modified Gauss-Bonnet f (G)-gravity, in the attempt to extend this study to other classes of modified gravity. Here, in order to study the future evolution of Nariai black holes, a complete formalism is developed. Since its results are much more complicated with respect to the case of F (R)-gravity, the analysis is carried out for a toy model and a specific class of perturbations is investigated. Some outlook and Conclusions are given in Section 6.
II. NARIAI SOLUTION IN F (R)-GRAVITY
In this Section we will describe Nariai solution as the limit of Schwarzschild-de Sitter (SdS) black holes in F (R)-gravity. Let us start from the action of F (R)-gravity in vacuum,
where g is the determinant of the metric tensor g µν , M is the space-time manifold and F (R) is a generic function of the Ricci scalar R. The field equations are
Here, F R = ∂F (R)/∂R. Furthermore, ∇ µ is the covariant derivative operator associated with g µν , and ≡ g µν ∇ µ ∇ ν is the covariant d'Alembertian. The SdS solution reads
where dΩ 2 = sin φ 2 dθ 2 + dφ 2 is the metric of the S 2 sphere and B(r) is a function of the radial coordinate r,
(II. 4) Here, M > 0 is a mass parameter and Λ is a cosmological constant related with the curvature as R 0 = 4Λ (we assume there is a constant curvature solution R 0 ). The SdS metric represents the static, spherically symmetric solution of GR with cosmological constant Λ (i.e. F (R) = R − 2Λ). Many F (R)-gravity models admit this kind of solution under the condition [9] 2F (R 0 ) = R 0 F R (R 0 ) , (II.5) which follows from Eq. (II.2) in the case of constant curvature. It is worth to mention that in F (R)-gravity the cosmological constant Λ is usually fixed by the model, except for the case of R 2 -gravity, which admits the SdS solution with free Λ. This is a special case, since the action does not contain a fundamental length scale which depends on κ 2 and the lenght scale is provided by the solution ( [Λ] = [r −2 ]). Note that black hole solutions in F (R)-gravity have been studied in the number of works, see for example Refs. [10] [11] [12] [13] .
Let us return to SdS solution in (II.4). For 0 < M < 1/(3 √ Λ), we have two positive roots r + and r ++ of B(r) = 0, which correspond to the black hole horizon (in such a case, B ′ (r + ) > 0) and to the cosmological horizon (B ′ (r ++ ) < 0). When M → 0 + , we recover the pure de Sitter solution, and when M → 1/(3 √ Λ), the black hole horizon approaches the cosmological horizon and the coordinate r becomes degenerate and meaningless. For this reason, in the extremal limit one introduces the coordinates ψ and χ related with t and r as 6) where, following Ref. [14] , we write 9M 2 Λ = 1 − 3ǫ 2 with 0 ≤ ǫ ≪ 1. The degenerate case is given by ǫ → 0. Now black hole and cosmological horizons correspond to the cases χ = 0 , π. The following metric is derived:
This is the SdS solution (nearly the maximal case). The topology is given by S 1 ×S 2 . The degenerate case corresponds to the Nariai space-time [2] , namely
Note that in this case the two spheres of the horizons have the same radius r H = 1/ √ Λ. The interesting point is that, since the radial coordinate r in (II.6) is degenerate, one obtains B(r) = 0 in the extremal limit of SdS solution, but in this coordinate system the singularity is absorbed by the transformation. The metric is regular and describes the geometry of Nariai solution.
In order to arrive to the cosmological patch of Nariai solution, we firstly reintroduce the singularity in (II.7) through χ = − arcsin z, such that 9) which is singular for z = ±1. Thus, we write the time coordinate t and the comoving coordinate x as (II.10) In the global coordinates, the Nariai metric finally reads
More in general, it is possible to find that
is the most general form of Nariai metric in the cosmological patch with R 0 = 4Λ. The geometry remains the one of S 1 × S 2 . The S 2 sphere is constant with radius 1/ √ Λ, while the radius of S 1 sphere expands exponentially as e 2t /(Λ).
III. NARIAI SOLUTION IN THE COSMOLOGICAL PATCH OF F (R)-GRAVITY
In this Section, we will analyze the cosmological patch of Nariai solution. Perturbations on the horizon are found and studied in different F (R)-gravity models, where future evolution of Nariai black holes is investigated.
The cosmological patch of Nariai solution (II.11) can be written in the following equivalent form,
where
such that it is easy to see that −π/2 < τ < π/2 corresponds to −∞ < t < +∞. This metric describes the further evolution of the Nariai solution.
We now consider the perturbations from the Nariai space-time. One assumes the following metric Ansatz:
The Ricci scalar reads
The dot denotes the derivative with respect to τ and the prime denotes the derivative with respect to x. The (0, 0), (1, 1) , (0, 1) (= (1, 0)), and (2, 2) (= (3, 3)) components of (II.2) take the following forms:
The perturbations of the Nariai space-time (III.1) could be written in terms of δρ(τ, x) and δϕ(τ, x),
Then one gets
Let us assume that our F (R)-gravity admits the Nariai solution for R = R 0 , such that condition (II.5) is satisfied. At the first order, the perturbed equations from (III.5) are:
The third equation can be integrated to give
Here, C x (x) and C τ (τ ) are arbitrary functions of x and τ , respectively. In what follows, we put C x (x) = C τ (τ ) = 0. By inserting this result in the first two equations and by using Eq. (III.7) we find that they are trivially satisfied. Finally, the fourth equation leads to
where it is defined
Equation (III.10) can be used to study the evolution of ϕ(τ, x). In principle, one may insert the result in (III.9) in order to obtain ρ(τ, x). However, the radius of the Nariai black hole depends on ϕ(τ, x) only, so that we will limit our analysis to Eq. (III.10). As it was observed in Ref. [5] , the position of the horizon moves on the one-sphere S 1 . More specifically, it is located in the correspondence of
namely it is required that the (flat) gradient of the two-sphere size is null. For a black hole located at x = x 0 , the horizon is defined as
Therefore, evaporation/anti-evaporation correspond to increasing/decreasing values of δϕ(τ ) on the horizon.
A. Schwarzschild-de Sitter black holes in viable F (R)-gravity
Several versions of viable modified F (R)-gravity have been proposed in literature in order to reproduce the current acceleration of the universe as well as inflationary scenario (for recent review of unified description of inflation with dark energy in modified gravity, see Refs. [7] ). The F (R)-models for current dark energy epoch must satisfy a list of viability conditions. In particular, since the results of General Relativity were first confirmed by local tests at the level of the Solar System, such a kind of modified gravity has to admit a static spherically symmetric solution, typically the Schwarzschild or the Schwarzschild-de Sitter solution. In order to avoid significant corrections to the Newton law (fifth force), this solution must be stable. The stability of SdS solution (or dS-solution) is provided by the well-know condition 14) which directly follows from the time-perturbation of the trace of the field equations in vacuum [15] . From Eq. (III.10), if we restrict to the case δϕ(τ, x) = δϕ(τ ), by reintroducing the cosmological time t via (III.2), one obtains 15) where α depends on the model as in (III.11). Since we are interested in the future evolution of Nariai horizon, we can take t ≫ 0, such that tanh t ≃ 1. In this case the solution reads 16) where ϕ 0 is a generic constant. As a consequence, we recover the stability condition (III.14) of SdS solution: this condition always is valid when one considers time-perturbations of a metric with constant curvature. In particular, when 0 < α < 8/19, an imaginary part appears and the solution oscillates around the horizon and does not diverge.
In the present work, we will analyze the Nariai solution by taking into account the x-dependence of perturbation starting from Eq. (III.10). Since it could be interesting to investigate the behaviour of Nariai solution in some specific F (R)-gravity, we conclude this Subsection by introducing some specific models. At first, we present a simple class of F (R)-gravity for the dark energy which describes the stable SdS solution. In these models, a correction term to the Hilbert-Einstein action is added as F (R) = R + f (R), being f (R) a generic function of the Ricci scalar, and the dark energy epoch is produced in a simple way: a vanishing cosmological constant in the flat limit of R = 0 is incorporated, and a suitable, constant asymptotic behavior for large values of R is exhibited and mimics an effective cosmological constant. In Refs. [16] [17] [18] [19] [20] several versions of this kind of (viable) modified F (R)-gravity models have been proposed. Here, we present two examples.
The first one is the Hu-Sawicki model [17] , namely
wherem 2 is a mass scale, c 1 and c 2 are positive parameters, and n is a natural positive number. In this model m 2 c 1 /c 2 = 2Λ eff is an effective cosmological constant and thus the ΛCDM model can be easily mimicked for large curvature. We reparametrize the model by puttingm 2 c 1 /c 2 = 2Λ eff and (c 2 ) 1/nm2 = Λ eff with n = 4, so that we obtain
With this parametrization the Hu-Sawicki model satisfies all the cosmological constraints. Moreover, in Refs. [18, 19, 21] another simple exponential model has been constructed. A viable version is given by
Also in this model, in the flat space the Minkowski solution is recovered, and at large curvatures the ΛCDM model is realized. Both of these models satisfy the cosmological and local gravity constraints, but the approaching to ΛCDM model is realized in two different ways, namely via a power function of R (the first one) and via an exponential function of it (the second one). These models have SdS solution (and therefore, the Nariai solution) for R 0 = 4Λ and Λ ≃ Λ eff . A direct numerical evaluation from (II.5) gives us R 0 = 3.95Λ eff (Λ = 0.99Λ eff ) for Hu-Sawicki model and R 0 = 3.74Λ eff (Λ = 0.94Λ eff ) for the exponential one. The associated values of α (III.11) are α = 0.02 for Hu-Sawiki model and α = 0.09 for exponential gravity. Moreover, in the attempt to explain the phenomenology of the inflation, the power-law behaviour of Ricci scalar is often used. This kind of terms also may protect the theory against future singularities. If the inflation is described by the de Sitter solution, it has to be unstable. An example is given by F (R)-gravity in the form
where γ is a constant dimensional parameter and m is a positive number. The dS solution occurs at R = R 0 which solves Eq. (II.5), namely
It is easy to verify that this solution violates the stability condition (III.14) when m > 2, γ > 0. In the following, some examples of this kind of models producing unstable de Sitter (and the corresponding SdS) solution will be considered, since it could be interesting to know the evolution of Nariai black holes in primordial universe described by F (R)-gravity.
B. Horizon perturbations
The equation (III.10) belongs to the class of Hamilton Jacobi equations. Following Ref. [5] , we decompose the two-sphere radius of Nariai solution into Fourier modes on the S 1 sphere, namely
Here, ǫ is assumed to be positive and small. By means of this expression, we obtain the following equations for A n (τ ) and B n (τ ) from Eq. (III.10):
We rewrite this system as
By putting sin(τ ) = ξ, such that 0 < ξ < 1, one derives the associated Legendre equation
Here,
In this formalism, µ depends on the F (R)-gravity model which admits the SdS (and Nariai) solution for R 0 = 4Λ and ν on the perturbation mode n. Moreover, in Eq. (III.24) µ and ν may get real or complex values. Since 0 < ξ < 1, and generally µ is not an integer number, the solutions of this equation are the Legendre polynomials. The Legendre polynomials which are regular on the boundary coordinate ξ = 0 (it corresponds to the cosmological time t = 0) are
where F (a, b, c; z) represents the hypergeometric series and Γ(z) is the Euler function. This formula is valid in our range −1 < ξ < 1. Now, the horizon perturbation can be written as
where the unknown coefficients {a n , b n } can in principle be obtained by using the boundary condition at δϕ(x, 0) and read
(III.28)
Evolution of horizon on the S1 coordinate 0 < x < π/2 for the perturbation mode n = 1 for Hu-Sawicki model (α = 0.02) and exponential gravity (α = 0.09).
Mode n = 1
In this Subsection we restrict our analysis to the first mode perturbation n = 1 in Eq. (III.27). It means
In what follows, we will consider the case of the plus sign. Moreover, by following Ref. [5] , we write the paramters a 1 , b 1 (which give in fact the initial conditions) as
θ being a fixed angular coordinate. By using condition (III.12), we obtain
in general A(µ, ν; ξ) is real even if µ and therefore the Legendre polynomial are imaginary. In Fig. 1 we show the location of the horizon on the S 1 sphere in the cases of Hu-Sawicki model (α = 0.02; µ = 5.66i) and in the case of exponential gravity (α = 0.09; µ = 2.46i) in the range 0 < x < π/2. We have set 35) in order to locate the horizon in x = 0 at the time τ (≡ t) = 0.
The perturbation on the horizon reads (for the positive value of the tangent)
In order to study the evolution of Nariai solution, one must investigate the behaviour of the Legendre polynomial P ν µ (ξ) near ξ = 1, since from the definition of τ (III.2), and therefore of ξ, we can see an infinite amount of time, i.e. the future evolution of the solution, is contained in this limit. In this case ν is real, and we have two different solutions for µ positive and real, namely α > 1/2 or 0 > α, and µ imaginary, it means 0 < α < 1/2, which correspond to unstable and stable SdS solution, respectively. When α is real, we have
As a consequence, when µ is real, the Legendre function and therefore the perturbation asymptotically diverges and grows up. This effect corresponds to anti-evaporation. However, a different behaviour is obtained if µ is an integer number: in this case the Gamma function posses the poles and the first terms of the expansion tend to zero. As a consequence, the analysis has to be done by using the lowest terms and the solution is generally stable. An example is given by µ = 1 (it corresponds to α = 2), for which we derive at the first order,
where the fact that 2ν(1 + ν) = 1 is used. In this special case, the solution is stable. Some important remarks are in order. We have found that, in general, when α > 1/2 or 0 > α the Nariai solution is unstable and we have anti-evaporation at t → +∞. Of course, some transient effects of evaporation for small value of t are not excluded. Moreover, we have choosen as the initial condition ǫ > 0 (but it does not necessarly mean that the initial perturbation is positive). If ǫ is negative, we obtain the opposite result. Stability/unstability of the solution does not depend on the sign of ǫ, but if the solution is unstable the final evolution of Nariai solution depends on it. In particular, if ǫ is negative, we have an evaporation process. When µ is imaginary (0 < α < 1/2), if µ = i|µ| where |z| is the norm of z, we get in the limit ξ → 1 − ,
The real part of this expression reads
As the result, one may conclude that for the mode n = 1, Nariai solution of F (R)-gravity with 0 < α < 1/2 is stable, oscillating around the horizon and passing from evaporation to anti-evaporation region for an infinite number of times. We will show in the next Subsection that some instabilities may appear when we will consider the static patch of Nariai solution. Let us explicitly see how Nariai solution for n = 1 mode perturbation evolves depending on µ. In Figs. 2, 3 , the cases of real values of µ are shown: we depicted the evolution of the horizon in the model F (R) = R + γR m (III.20), which posses unstable SdS solution for γ > 0 and m > 2, by choosing m = 5 (namely, α = 5/4 and µ = 2/ √ 5) and m = 10 (namely, α = 5/2 and µ = 4/ √ 15), respectively. In order to evaluate the perturbation (III.36), we wrote the parameters a , b as in (III.31) and we made different choices of θ, namely θ = π/6 , π/4 , π/3 , π/2. The perturbation has to be normalized on |δϕ(0)|. One should remember that the relation between δϕ and Nariai horizon is given by (III.13). We can see that in the both cases the Nariai solution is unstable and the horizon grows up and diverges, producing a final anti-evaporation of the black hole. Note that before the final evaporation, some transient effects of evaporation are present. As we noted above, if ǫ is negative, we expect that these black holes finally evaporate.
In Fig. 4 we show the special case of F (R) = R + γR 8 (m = 8), α = 2, which corresponds to µ = 1, namely it is an integer number. In this case, the solution is stable and the intensity of perturbation (we depicted |δϕ(τ )/δϕ(0)|) decreases and finally disappears according with (III.38).
In Figs. 5, 6 the cases of imaginary values of µ are shown: we depicted the evolution of the horizon in the Hu-Sawicki model (α = 0.02) and in exponential gravity (α = 0.09), respectively. We wrote again the parameters a , b as in (III.31) and we put θ = π/6 , π/4 , π/3 , π/2. The perturbation has to be normalized on |δϕ(0)| again and the real part has been taken. One can see that in the both cases the Nariai solution is an attractor, and the evaporation/anti-evaporation phases are only transient effects. 
Higher modes perturbations
The analysis for a single mode n > 1 in (III.27) is not so different from the one carried out in the previous Subsection. For simplicity, we can put a n = cos nθ , b n = sin nθ , (III.42) where θ is a fixed angle, and, as a consequence, perturbation reads Again, we will choose the plus sign for ν. On the horizon,
(III.44) Therefore, the perturbation can be written as (with the plus sign for the cosinus)
(III.45) Also in this case, the perturbation is stable when 0 < α < 1/2 (i.e. µ is imaginary) and diverges when α < 0 or 1/2 < α (i.e. µ is real), since when ξ is close to 1 − , namely in the future, the Legendre polynomial for generic ν expands as
in analogy with Eq. (III.37) and Eq. (III.39). As an example, in Fig. (7) we depict the case of α = 5/4 (it corresponds to the model (III.20) with m = 5) with θ = π/4. It is interesting to note that for higher mode perturbation (in this case we plotted n = 5) the mode starts to oscillate until its intensity grows up enough to leave the horizon and diverge. It means that before the final anti-evaporation, there is a proliferation of evaporation/anti-evaporation phases. This process was firstly observed in Ref. [5] by considering 2d quantum instabilities in Nariai black holes.
Let us consider the more general case (III.27). We write the coefficients a n , b n as in (III.42), such that for the horizon perturbation we get 47) where N ≫ 1. One also recovers the single case mode (III.43). In this case, we cannot solve Eq. (III.12) for the location of Nariai horizon. However, the stability of the solution still depends on the behaviour of Legendre polynomials, and we can predict a final evaportation or anti-evaporation of the black hole only when α < 0 or 1/2 < α, namely for F (R)-gravity which admits unstable dS-solution. In Fig. (8) we depict the evolution of the absolute value of perturbation (III.47) as function of x and τ for α = 5/2 (it corresponds to the model F (R) = R + γR m (III.20) with m = 10) in the left panel and the perturbation for α = 0.09 (it corresponds to the exponential model (V.25)) in the right panel. We set N = 10 and θ = π/4. Furthermore, we have normalized δϕ(x, ξ) to |δϕ(x, 0)|. In the first case, we can see that perturbations grow up and diverge in time (almost for every value of x), and in the second case the perturbations oscillate and never leave the horizon.
IV. NARIAI SOLUTION IN THE STATIC PATCH OF F (R)-GRAVITY
In this Section, the analysis of instabilities in the static patch of F (R)-Nariai black holes is done. Note that static patch description is usually believed to be less complete one. The static patch of Nariai solution is given by the metric (II.8), from which one can easily derive
where x = cosh −1 [1/ sin χ] such that −∞ < x < +∞ and t(≡ ψ) is the time coordinate (in the following, the dot will denote the derivative with respect to t). For this form of the metric, we can still use the Ansatz (III.3) and the perturbations on Nariai metric δρ(t, x) , δϕ(t, x) can be written as
For the Ricci scalar perturbation we get
The perturbed equations of motion have been derived in Ref. [8] by starting from (III.5) and may be obtained by replacing cos τ with cosh x and tan τ with − tanh x in the system (III.8). Also in the static patch we finally deal with two equations. The first one corresponds to Eq. (III.9) with C x (x)/ cos τ → C x (x) and C τ (τ ) → C t (t)/ cosh x and we can put C x (x) = C t (t) = 0 again. As a consequence, the second equation reads [8] 
where α is still given by (III.11). The last equation can be used to study the evolution of the horizon as in (III.13). By introducing ξ = tanh x such that −1 < ξ < 1, we can check for the solutions of the above expression in the following form
where ǫ is positive and small, and ω is a frequency number which may assume real or complex values. Furthermore, ν results to be 6) and the coefficients a ω and b ω can be choosen as
where θ is an angular parameter. The above expression can be derived in an analogous way of the ones for the cosmological patch. A more general solution of (IV.4) is given by a superposition of (IV.5) with different values of ω, but here we will restrict our discussion to the case of single ω. From Eq. (III.12) we have the position of the two-sphere, 8) but in general it is not possible to analytically solve it with respect to ξ. However, one can easily see that we have no restriction on ω and when the frequency becomes imaginary, the solution diverges and becomes unstable independently of the model. As the examples, in Fig. (9) we plot the the evolution of the real part of perturbation (IV.5) as function of ξ and t for Hu-Sawicki model (α = 0.02) in the left panel and the exponential gravity (α = 0.09) in the right panel for the ω = iT , where T is a frequency parameter (the time is normalized on T ). We set θ = π/4 and we depict |δϕ(ξ, t)/δϕ(ξ, 0)|. In both of the cases, the perturbation grows up in intensity and diverge almost for every value of ξ (and therefore of the comoving coordinate x). Remind that for this class of models that provides stable Schwarzschild-dS solution, Nariai perturbations are stable in the cosmological patch, but if we consider the static one new feature may arise. Note that the cosmological patch is considered to be more general description of Nariai black hole.
V. NARIAI BLACK HOLES IN GAUSS-BONNET MODIFIED GRAVITY
In this Section, in the attempt to study the Nariai black holes in a more general class of modified theories, we will investigate the case of f (G)-gravity (for black hole solutions in f (G)-gravity, see Refs. [23] ). We start from the following action [22] ,
Evolution of Nariai perturbation as function of ξ(= tanh x) and t/T in the static patch for ω = iT and θ = π/4 in Hu-Sawicki model (left side) and exponential gravity (right side). In the both cases, perturbations diverge.
such that the modification to gravity is given by the function f (G) of the Gauss-Bonnet four-dimensional topological invariant
The Gauss-Bonnet invariant is a combination of the Riemann tensor R µνξσ , the Ricci tensor R µν = R ρ µρν and its trace R = g αβ R αβ . As in the case of F (R)-gravity, we ignore the matter contribution. The field equations are
Here, we use the following notation:
Let us assume that our Gauss-Bonnet model admits the Nariai solution (III.1) for R 0 = 4Λ and G 0 = 2Λ 2 . It is interesting to note that the Gauss-Bonnet invariant on Schwarschild-dS solution depends on the radial coordinate (G = (2/3)[31Λ 2 + 18M 2 /r 6 ]). However, it is constant on Nariai solution (in fact, the radial coordinate corresponds to the radius of Nariai horizon). Moreover, in order to obtain the Nariai solution, it is enough that the model admits the de Sitter space-time for R = R 0 , G = G 0 . In this analysis, we will work with the cosmological patch of the solution. From the trace of field equations we obtain the following condition
that the model must satisfy in order to admit the Nariai solution. We assume the metric Ansatz (III.3). Now, we consider the perturbation on the Nariai space-time in the form of (III.6). The perturbation of the Gauss-Bonnet invariant results to be at the first order (see the Appendix for the complete form of the Gauss-Bonnet invariant)
Since the trace of the field equations (V.3) reads
we obtain at the first order
Here, R 0 µν denotes the Ricci tensor of Nariai metric and δR is given by (III.7). This expression leads to
The perturbed field equations (see the Appendix for their complete form) read
By integrating the third equation (V.12), we obtain
By integrating (V.14) again one has
For simplicity we can put C x (x) = C τ (τ ) = 0 and finally we obtain the following integro-differential equation for horizon perturbation δϕ versus Gauss-Bonnet perturbation δG:
As we did for the case of F (R)-gravity, we decompose horizon perturbation, and therefore the Gauss-Bonnet perturbation, in Fourier modes as
By plugging this expressions in (V.17), we derive the following equations for Fourier components X n (τ ) = {α c,s
c,s n (τ )}:
For the first mode n = 1, from the second expression in (V.18), one derives the location of the horizon (III.12), 20) such that the horizon perturbation reads
We remind that β c,s 1 (τ ) encode the Gauss-Bonnt model that realizes the Nariai solution as in (V.19). Working with (V.19) is very complicated, since we must solve a system of four coupled differential equations. Therefore, in order to obtain a full description of the horizon perturbation, we must also know the coefficients {α c n (τ ), α s n (τ )}. One possibility is given by the numerical analysis, but also in this case we need to specify the boundary conditions of fields on a suitable Cauchy surface. Here, instead of the very complicated numerical analysis, we will make use of a simple Ansatz for δG, inspired from the form of Gauss-Bonnet invariant on the Nariai solution. The relation between the Ricci scalar and the Gauss-Bonnet invariant on Nariai space-time is given by
Inspired from this relation, we may assume the following Ansatz for Ricci and Gauss-Bonnet perturbations 23) where
is a dimensionless parameter. With this simple Ansatz we can integrate Eq. (V.9) which leads to 24) where F (a, b, c; z) represents, as usually, the hypergeometric series and c ± are constants. Thus, we can set the Fourier components and find the horizon perturbation using the integral representations in (V.19). Now, as a specific example, we need a "viable" toy-model of f (G)-gravity. We use the one proposed in Ref. [24] , which is consistent with the observational data in accelerated universe, namely
Here α, λ are real positive constant parameters and G s ∼ H 
and, by taking into account that H 0 = Λ 3 , Λ being the cosmological constant,
. This model admits the Nariai solution for R = 4Λ , G = 2Λ 2 . Now we can compute (V.19) with (V.24). We put c ± = (2π) −1/2 . We will limit to the analysis of the first mode, namely n = 1, which is the longest wavelength. Moreover, for the sake of simplicity, we will consider only the odd horizon and Gauss-Bonnet perturbations. It means that we have set α s n (τ ) = 0 , β s n (τ ) = 0 in (V.18). So, by integrating (V.19) and plugging the result in (V.21), we obtain the horizon perturbation. The related graph for λ = 10 12 and m = 0.25 is shown in Fig. 10 . In this case the final evolution assumes a stable configuration and the perturbation tends to zero. Before the final stable point at τ = 1.5708, we have an anti-evaporation phase (0 < τ < τ * ) following by an evaporation phase. The value τ * ≃ 0.922168 corresponds to a turning point between the two phases. We do not have a pure evaportation/anti-evaporation as the final evolution. Near to the turning point, the system becomes unstable and, due to an infintesimal deviation from the maxima, falls in an evaporation phase which brings the Nariai black hole to its initial size (δϕ = 0). As a consequence, in this specific example of f (G)-gravity, the Nariai black hole results to be stable. Of course, other models of f (G)-gravity maybe analyzed in the same way. However, it turns out that the corresponding analysis is much more complicated than in f (R)-gravity.
VI. DISCUSSION
In summary, we investigated the evolution of Nariai black hole in F (R)-gravity. The metric of the extremal limit of Schwarzschild-de Sitter black hole is considered in cosmological and static patches. The perturbations equations are presented in both patches. It is indicated that horizon perturbations depend on the cosmological time and on the comoving coordinate x. In the cosmological patch the horizon perturbations are decomposed into Fourier modes whose coefficients are expressed as the Legendre polynomials. The study of n = 1 mode, generic modes as well as superposition of different modes is made. It turns out that when SdS solution in F (R) gravity is stable also its extremal limit results to be stable. However, when SdS solution is not stable, the extremal limit maybe stable for some specific cases. Furthermore, when the solution is unstable, not only black hole evaporation but also its anti-evaporation may occur. These considerations are applied to several models of F (R)-gravity which describe current dark energy epoch or early-time inflation. The corresponding analysis is done analytically and numerically. It turns out that Nariai black hole for some of the models under discussion may enter to unstable phase or even anti-evaporate. Hence, the presence of Nariai black holes at current epoch may favour the alternative gravity which supports such anti-evaporation. Even more, as current dark energy gravity may also support such anti-evaporation, one can speculate about the possibility to get huge black hole in the future universe just before the Rip occurence.
In the static patch of Nariai solution some new feature may appear. Namely, even the model admits stable SdS solution, the Nariai black hole results to be unstable. Hence, the (anti)-evaporation regions maybe different in static patch if compare with cosmological patch. This is not surprising. Indeed, it is known that cosmological patch description is considered to be more complete than static patch description. The relation between two observers in these two patches may be important as one observer can move with acceleration for other observer. In other words, in cosmological patch the black hole can move with acceleration leading to appearence of two energy-fluxes: Hawking radiation and Unruh effect. The question is how to distinguish that. Hence, finally the analysis gives almost the same situation for both patches. The small difference which appears in the evolution of black hole in two patches maybe understood taking into account above considerations.
The analysis of Nariai black hole evolution in modified Gauss-Bonnet gravity is also made. It is interesting that in this case the Nariai solution occurs if the model admits de Sitter solution but not necessary SdS solution where Gauss-Bonnet invariant is not constant. For specific realistic f (G) gravity the very complicated numerical analysis is done. It is demonstrated that for such theory the Nariai black hole remains to be stable. The study of GaussBonnet gravity shows that our analysis maybe extended for other modified gravities: string-inspired theories, non-local gravities, gravity non-minimally coupled with matter, etc. In particulary, the above (anti)-evaporation scenario has been recently investigated in F (T ) theory [25] . However, as a rule the study of Nariai black hole evolution for other modified gravities turns out to be much more involved one than for F (R)-gravity.
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VII. APPENDIX
For the metric Ansatz (III.3), the non-zero components of Riemannian tensor read
The Gauss-Bonnet invariant reads
The (0, 0) component of f (G)-field equations (V.3) results to be 
Finally, the (2, 2) (= (3, 3) ) component reads 
